There has been little interest in the information associated with the shadows in high resolution Synthetic Aperture Radar (SAR) images. In this paper we give an algorithm for the reconstruction of an object's shape from the shadows cast by the object in a sequence of SAR images. The algorithm is a back-projection type algorithm based on the intersection of solids. The effects of diffraction and synthetic aperture occlusion on SAR shadow resolution are also addressed.
INTRODUCTION
It is clear that information about the 3-dimensional (geometry) of objects is contained in the shadows they cast. Hatzitheodorou and Kender 1 present an algorithm to obtain a surface slice from the shadows it casts on itself. The algorithm, designed to minimize approximation error, assumes that the surface has continuous first and second derivatives, the position of the sun is known, and the light source (sun) and the reconstructed profile are in the same plane. Daum and Dudek 2 extend the problem to three dimensions. Their approach is an iterative relaxation of constraints based on shadow information at each pixel. They do not address tradeoffs between light source trajectory and reconstruction quality. Savarese, et al. 3 , address the potential of using shadows to improve on object shape data that contain errors. By using shadow information, they carve away inconsistent elements of the object surface. Zheng 4 presents an approach to creating surface models from a sequence of contours. His construction incorporates analysis of the change in contour with rotation angle to define regions that do not contribute to the contour. Martin and Aggarwal 5 develop algorithms for 3-dimensional object description using volume constraints applied sequentially to successive image contours. A solid object can be reconstructed by intersecting the solids formed by projecting the silhouette back to the source. Laurentini 6, 7 discusses the degree to which a surface can be described by the formation of the intersection of solids. Particularly, concave regions are not reconstructed. Balz and Haals 8 use simple trigonometric calculations to estimate the height of objects from shadows and layover in Synthetic Aperture Radar (SAR) image data. Tison et al. 9 combines SAR image shadow information with amplitude and interferometric images to enhance building footprint information.
SAR offers some unique advantages over other sensors in observing shadows. First, SAR systems provide their own illumination. Shadows can thus be generated even at night, and in inclement weather (e.g. through clouds, fog, smoke, dust, etc.).
Second, shadows are observable in SAR images due to the unique range-Doppler characteristics of radar imaging, even with monostatic SAR systems. Shadows are not generally observable in EO/IR systems where the illumination source is collocated with the receiver sensor in a single vehicle.
Third, target reflectance generally does not correspond to object shape. Shadows are generated regardless of whether a target object is reflective or absorptive. Even stealthy objects will cast shadows. Furthermore, the reflectance of a particular target feature will not influence the reconstruction of that feature's shape from its shadows.
Fourth, shape reconstruction from shadows can be accomplished with a single-phase-center antenna. Interferometric or other common 3-D techniques are not required.
Finally, SAR image shadows are observation geometry dependent. This allows a vehicle with a SAR sensor to select a flight path to generate an image set with perhaps optimal shadow characteristics. For example, 360 degrees of shadow projections can be generated by imaging a target scene from a circular flight path. These shadows represent silhouettes or shape-projections from various look angles of the imaging radar. Further, modern spotlight-mode SAR system can readily produce a sequence of images of the same scene, each image corresponding to a different aspect angle. For each image, the relative position of the target is precisely known. Thus, a multitude of these projections from various look angles can be processed in a fashion resembling tomography to infer the overall shape of the target object.
We also note that bistatic SAR systems in fact generate two shadows, one pointing away from the transmitter, and one pointing away from the receiver.
An algorithm for the reconstruction of an object from a sequence of SAR image shadows is presented in Section 2. The algorithm is a form of back-projection based on the intersection of solids. In the zero grazing angle limit, this algorithm can be described as classical tomographic back-projection. We also discuss the relation to a 3-dimensional Fourier slice formulation. The back projection algorithm is illustrated in Section 3 for simple objects, and applied to real SAR images in Section 4. Section 5 discusses the effects of diffraction and synthetic aperture occlusion on SAR shadow resolution.
RECONSTRUCTION ALGORITHMS
In the following we present two algorithms for reconstructing an object's geometry from a sequence of SAR shadows. One is inherently geometrical in nature. The other cast the problem in terms of a Fourier transform algorithm based on 3-dimensional tomography.
Back-projection Algorithm
In the following, we assume that the shadows are cast on flat, level terrain. This is a somewhat reasonable assumption, and its relaxation can be investigated in terms or errors in the reconstruction. The major application is target identification as opposed to scene topography. The latter can be done well with interferometric SAR. 10 The shadow of an object in a SAR image is formed as follows. Consider a set (bundle) of rays extending from the antenna and intersecting the scene terrain. The shadow of an object is defined by the intersection of those rays that intersect both the object and the scene terrain (datum plane). This suggests the following algorithm:
Step 1: Determine the shadows in a sequence of images for the object of interest. This is an image processing step. More precisely, this function is generally described as an image segmentation step. Segmenting shadows in SAR images is well-treated in the literature, including for example in papers by Meth, 11 Haker, et al.
12
, Friedland and Rothwell 13 , and Weisenseel, et al. 14 Step 2: For each image in the sequence, form the solid generated by the rays connecting all (an appropriate sample) points in the shadow and the antenna. In practice, the solid needs to be generated only over a volume that contains the object.
Step 3: Form the intersection of the points contained in the solids generated in Step 2.
This is the reconstruction method discussed in Ref. 6 and 7. In these papers, Laurentini discusses the limits on reconstruction of objects from silhouettes, Volume Intersection (VI) algorithms. He defines the Visual Hull (VH ) of an object as the region in 3 E such that a line from a point in the viewing region through a point in VH contains a point in the object. The visual hull is the limit for a viewing region that completely encloses the object. Laurentini states that he visual hull is contained in the Convex Hull ( CH ),
where O is the object, and the convex hull is the smallest convex set that contains all of the points of the object. He further argues that the visual hull it the closest approximation to O that can be obtained using VI techniques.
Equation (1) can be appreciated by considering a block letter "U" in three dimensions. This is a non-convex set. However, one can easily see that it can easily be reconstructed exactly from just two orthogonal projections. Further, one can also see that, for an object consisting of a 3-dimensional bowl, the convex hull would be obtained using VI techniques. Thus, although the convex hull is a bound on the reconstruction of an object using VI techniques, it is not necessarily a tight one.
For our case, the object must be contained in the solid region defined by back-projecting the shadow to the antenna position for each image. The intersection of these solid regions for all antenna positions covering a sphere surrounding the object is equivalent to the visual hull. However, we will assume that the radar system collects only a finite number of images, from which the shadow projections are extracted. For the SAR case, we will call the finite intersection of solids defined as the set of points P such that a line from the radar antenna position through point P intersects the shadow as the SAR Shadow Hull ( SSH ).
The reconstruction of a cylindrical surface by this method is illustrated in Fig. 1 for three shadow components. It is easy to see that the reconstruction would be a flat-sided cylinder for a finite number of shadows in the reconstruction. Further, in the limit of zero angle between shadows, the top of the cylinder reconstruction will be a shallow cone (for small grazing angle). Moreover, if the cylinder was elevated from the surface, so too would the bottom of the reconstructed cylinder exhibit a shallow cone shape. In general, for non-zero grazing angles, flat horizontal surfaces will be somewhat problematic to reconstruct.
Fig. 1. The estimation of a cylindrical surface from three shadow components.
In contrast to more conventional convolution-backprojection techniques used in, say, medical imaging, we are not interested in examining the internal structure of a target object. We are merely interested in finding the structural boundary of the object. This allows us to forego the filtering and additions normally associated with tomography, and simply use the nonlinear intersection operation instead.
In addition, unlike typical implementations of conventional tomography, there is advantage to collecting views from an entire 360-degree orbit around a target object.
Fourier Slice Algorithm
Although shadows are a geometrical projection of a contour onto a surface (assumed planar), they are not directly a projection in the tomographic sense. 15, 16 However, it is possible to cast the SAR shadow formation in a form equivalent to X-ray tomography. To do this, first consider the tomographic X-ray data generation problem. As the X-ray beam transverses a small distance it suffers an intensity loss given by
where ( )
is the attenuation coefficient and I is the intensity. The tomographic data is obtained by integrating Eq. (2) along straight lines L (assuming parallel rays) to obtain
where i I is the initial intensity and o I is the output intensity (data). The reconstruction problem is then to invert a sequence of integrals of the form
In the simplest case, X-ray tomography consists of data collection in a plane, the X-ray transform. The relation between the X-ray transform and the Radon transform is discussed by Natterer. 15 Image construction in the third dimension is obtained by scanning this process along a perpendicular axis. An element of the X-ray transform can be written as
The complete X-ray transform is obtained by rotating ( )
, or equivalently the coordinate system, by the angle θ .
Usually the transform is sampled over a set of discrete angles. The image, ( )
, is obtained by inverting Eq. (5). The basis for most inversion techniques is the Fourier slice theorem. The Fourier slice theorem states that the Fourier transform of the integral of a 2-dimensional function along straight lines at angle θ is the Fourier transform of the function evaluated along a line (through the origin) perpendicular to the ray defining θ . There is considerable literature on the theory and techniques for inverting the X-ray transform. 15, 16 To reconstruct surface geometry from SAR shadows, we need to associate an integral in the form of Eq. (4) with each shadow and extend the formalism to three dimensions. Recognizing that shadows are a result of strong attenuation or reflection of the incident radiation by the object casting the shadow, we can arbitrarily associate the shadow with a very large attenuation coefficient. This can be done in a way to assure that representing the object, one can see that the line integral near the surface of the object dominates Eq. (3). Thus, we have a constructed a good correlation the radar shadow and an artificial attenuation coefficient that represents the object.
The analysis needs to be extended to three dimensions due to the fact that the radar beam impinges on the target at a grazing (or depression) angle ψ . The grazing angle means that as one collects shadow data as a function of azimuth angle θ the incident beam is at an angle
with respect to the axis of rotation. Thus, one cannot cast the problem as one in two dimensions that is translated along the axis of rotation to obtain the third dimension, as is the case in conventional tomography.
For the shadow case Eq. (4) has the form
where the integration is in the direction of the ray defining ψ . This is just the 3-dimensional X-ray transform. The shadow data is collected at a fixed grazing angle ψ and a range of discrete values of the azimuth angle θ . The result is that we now have samples of the 3-dimensional Fourier transform of the object sampled in planes containing the origin and perpendicular to ray defining θ . The fundamental theory of the 3-dimensional (or n-dimensional) X-ray transform can be found in Natterer's book. 15 The Fourier slice approach is interesting, but it is fraught with difficulties. First, the Fourier transform approach just outlined produces an image (brightness function), not a geometry. Even for shadow like (binary) data, the reconstructed image will not be binary due to finite bandwidth and incomplete sampling. One would have to perform some algorithm on the image to recover the geometry. Further, assuming a constant incidence angle φ , one can see that the 3-dimensional Fourier transform of the object is sampled by planes that are tangent to a cone with its vertex at the origin. The cone angle is the incidence angle. It is interesting to note that there is no information obtained for spatial frequencies corresponding to points inside this cone. The planes intersect at the origin, and they intersect each other frequently in lines determined by the sample angles n θ . A Fourier transform based reconstruction should account for these intersections.
We also note that the sample density is not uniform in Fourier space. In an efficient implementation, as a practical matter, the 3-dimensional Fourier samples would need to be resampled onto a rectangular grid prior to image reconstruction. Thereafter, a decision operation needs to be implemented, to assign a 3-dimensional voxel as either within the target object, or outside of the target object, thereby clearly defining the object's physical boundary and identifying its shape.
Based on the above, it is expected that the back-projection algorithm is the most efficient and as accurate as the Fourier slice algorithm.
SIMULATION
We illustrate the calculation of shape from shadows by showing a reconstruction example with a simulated target. The technique employed for this example is the back-projection algorithm described above. Fig. 2 shows the simulated target where a cylinder is stacked on top of a square block, although off-center. Both the original model, as well as the reconstructed shape are depicted, with the array of shadows collected using a 30 degree grazing angle shown in Fig. 3 . Note that the flat top of the original cylindrical target is reconstructed as a conical "cap" due to the grazing angle used to generate the shadows. Note also the exposed horizontal top surface of the block is rendered with a pitched surface.
SHAPE RECONSTRUCTION EXAMPLE
Sandia National Laboratories operates an experimental Ka-band data collection SAR system, with sufficient bandwidth to form 0.1 m resolution SAR images. 17, 18 Fig. 4 shows a collection of 5 image clips of a tank, taken with the Ka-band system at a nominal 35 degree grazing angle. Image pixels are spaced at approximately 0.1 m, thereby defining the quantization of the shadows. This set was processed with the back-projection technique previously described to generate the shape rendered in Fig. 5 . Specifically, the volume shape was calculated from intersecting shadow projections into horizontal planes spaced at 0.1 m height intervals.
Note that the cannon barrel is distinguished as well as its 3-dimensional orientation. The steps in the cannon barrel are an artifact of the spacing of slices in the vertical direction. The tank turret however is obscured by the pitched roof of the tank body owing to the excessive (for this purpose) grazing angle. A more shallow grazing would be required to distinguish the tank turret.
One obvious characteristic of the SAR images is that reflecting feature locations on top of the tank lay over onto the shadow region from other parts of the tank. This has the effect of interfering with any shadow segmentation algorithm, and declaring legitimate shadow regions as "no shadow". This is primarily true for lower portions of the target, and does not seem to interfere with the part of the shadow corresponding to the top surface of the target tank. Consequently, the back-projection rendering of the tank seems to cut away lower portions of its shape. The rendering in Fig. 5 is of 'top surfaces' only, with the addition of the ground-plane footprint. 
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We comment that Interferometric SAR (IFSAR or InSAR), or stereo SAR techniques could be used to determine that the reflecting points that lay over onto the shadow are above the ground, and hence not a clutter return, thereby allowing us to exclude them from interfering with any shadow reconstruction algorithm. Furthermore, as an extension, these elevated reflection points could be used in conjunction with reconstruction from shadows to help render concave areas of the target shape. Such areas on the tank target might include where the turret meets the main chassis, drive and idler wheels for the treads, and surface features that might otherwise be 'under' a reconstruction artifact such as a conical cap or pitched top surface. 
SHADOW RESOLUTION
The fidelity of a shape reconstruction will ultimately also depend on the fidelity of the shadows themselves. That is not to say that other factors such as the shadow collection geometries and completeness of the shadow set aren't also major factors. However, crisp, distinct, finely resolved, high-definition shadows are clearly prerequisite for crisp, distinct, finely resolved, high-definition shape reconstructions.
Shadows need to be observable. Consequently the shadows need to fall onto a clutter field with sufficient signal to noise ratio to allow shadow segmentation. We will not treat this further.
Shadows also need to have unequivocal edges. Fuzzy shadow edges exhibit uncertainty and will limit the fidelity of the reconstruction. Surprisingly, the resolution of the boundary (edges) of SAR shadows is not set by the fundamental resolution of the SAR system. We do not address the problem of defining the boundary between two speckled regions, or more appropriately, regions of no return and a speckle field. SAR shadow resolution is determined by the effects of motion of the shadow during the synthetic aperture generation and the effects of diffraction by the object.
Shadow Motion During Aperture Synthesis
Shadow motion effects are a result of the fact that the illumination source (the synthetic aperture) cannot generally be considered a point source, and surface pixel locations may be occluded by a target feature for only part of a synthetic aperture, target points coming in and out of view as the synthetic aperture is formed. Further, SAR systems generally have a resolution limit that is determined by the synthetic aperture angular extent, and partial illumination results in a coarsening of the resolution of a pixel location. The resulting blurring due to shadow motion is primarily in the azimuth (synthetic aperture) direction.
A SAR operating at nominal wavelength λ desiring an azimuth resolution a ρ will require a synthetic aperture that subtends an azimuthal angle
This ignores any synthetic aperture extension to compensate for resolution reduction as a consequence of sidelobe filtering, and is true for the relatively small aperture angles of typical SAR systems.
A target object at height h above a flat surface that projects a shadow onto that surface will witness the instantaneous shadow (occluded region) moving during the course of the synthetic aperture by an amount
where ψ is the grazing (or depression) angle. We will take this expression as the nominal azimuth shadow edge resolution. However it is only approximate since the resolution of a point will depend on the partial length of the synthetic aperture over which it is in view. One can see from Eq. (8) that x ∆ increases with increasing target point height and decreasing grazing angle. Substituting Eq. (7) in Eq. (8) we obtain,
This relation can be solved for the condition when the motion effect equals the system resolution, Some caution needs to be taken when using the above approximation to the blur of shadow edges. If one considers an ideal shadow edge to be represented by a unit-step function, the effect of shadow motion during aperture synthesis is to increase energy on the dark side of the shadow edge and decrease energy on the bright side of the shadow boundary. Thus, the transition becomes blurred, with the shadow of a vertical rectangular plate getting narrower if one defines the shadow width as the distance between corresponding points in the shadow region where the image brightness is below some small threshold. However, the shadow width would get larger if one defines the width as the distance between corresponding points where the brightness drops below the background level by some small threshold. In the extreme, this can be illustrated by considering a vertical thin plate. At some range (corresponding to a height of the plate), the shadows, for each sample point in the aperture, will just touch. Since there are typically many samples in a synthesized aperture, this would imply a shadow that is very wide, but with little decrease in brightness with respect the background level.
From the above, it can be seen that the shadow extraction algorithm can be a very important part of the process. A shadow, especially for narrow objects might appear wider to a viewer than a rigorously extracted shadow width.
Diffraction Effects
Diffraction effects will also blur the boundaries of shadows in a SAR image. It is again difficult to get an exact description of the blurring for an arbitrary object. The problem is generally one of electromagnetic field scattering from a surface of unspecified materials and shape. This is generally a very difficult problem, except for a few special shapes and for simple materials such as ideal conductors. To estimate the size of the blur, we will consider scalar diffraction theory applied to a straight edge. For this to be good the diffracting object should be approximately straight for many wavelengths. This being said, we will use the Fresnel integral 19 to estimate the blurring of the shadow boundaries.
The Fresnel diffraction pattern of a straight edge (half-plane) is just the convolution of a unit-step function with a function of the form, 
where z is the distance from the point on the object to the corresponding point on the shadow boundary. We can estimate the width of the blur (intensity) pattern by setting the argument of the exponential to 2
π . This gives an estimate for the diffraction blur for a straight edge as,
Further, using the relation
Equation (13) is the estimate azimuth direction blur of shadow boundaries running in the range direction. The degradation of shadow edges in the range direction is approximated by dividing this result by 
The diffraction effects of a shadow boundary at some angle with respect to the azimuth direction would lie somewhere between these results. One would have to project these effects from a plane perpendicular to the radar beam onto the nominal terrain to estimate the more general result.
Arguments similar to those made at the end of the previous subsection also apply to the effects of diffraction on shadow resolution. The solution of the problem of diffraction shows that the blur is also characterized by a reduction of energy in the bright region of the shadow boundary. 20 Again, depending on the extraction algorithm used, shadows can be measured to be narrower, or wider, than the geometric projection. In general, the effects of diffraction will not be as extreme as shadow motion during aperture synthesis.
An analytical Model
The concepts in the previous two subsections can be incorporated into a more analytical model. Such a model could be used to more concisely illustrate the effects of shadow motion and diffraction on shadow resolution. It turns out that the model we used to address the effects of atmospheric perturbations on SAR imagery is also appropriate to the analysis of the problem in this section. To treat the problem of lens-like perturbations in the atmosphere we introduced an ffunction that addressed the spatially non-invariant nature of the problem of imaging through an atmospheric perturbation. 21 We briefly review the approach here as it applies to shadows.
SAR data collection is commonly modeled by the well established equation, 22, 23, 24, 25 
Assuming that the shadow for an object does not change significantly over the angle a θ given by Eq. (7), ( )
It is the simple linear translation in Eq. (18) that destroys the spatial invariance in the image forming process. The ffunction in Eq. (18) could be modified to account for changes in the shadow shape during aperture synthesis if required.
The parameter k is obtained from simple geometric considerations as
where R is the range to the point on the shadow boundary and l is the range to the corresponding point on the object. One might note that R and l are approximately equal to each other.
Substituting Eq. (4) in Eq. (3) and converting to rectangular coordinates, we obtain the SAR data in the form, 
is an indicator function defining the range of data collection in rectangular coordinates (not explicitly included in Eq. (15)). The SAR image is the Fourier transform of Eq. (20) . It is difficult to evaluate the Fourier transform analytically due to the dependence of f on both the spatial and frequency variables. For purposes of illustration, and for many SAR systems, we can consider y f to be constant over ( ) The result is then substituted in Eq. (20) to compute a simulated image illustrating the effects discussed above.
CONCLUSIONS
SAR is unique among sensors in that due to the nature of its range-Doppler image, shadows are readily observable in the image. Furthermore, the orientation of the shadow corresponds to the imaging geometry, which is often selectable via choosing the radar's flight path. A collection of SAR images from various perspectives allow the respective shadows to be combined via back-projection to discern the 3-dimensional shape of a target object. This was demonstrated via simulation and application to real data. Furthermore, the back-projection algorithm given is judged more efficient than Fourier-slice reconstruction due to among other things the unique requirements of discerning shape rather than 3-dimensional imaging.
Finally, the resolution of the shadow must be treated differently than the SAR system resolution. The shadow resolution and definition are degraded by instantaneous shadow motion during the course of the synthetic aperture, and by diffraction effects. Equations and numerical examples are presented to illustrate practical limits. Shadow resolution degradation can be analytically treated in a manner similar to SAR image anomalies due to atmospheric perturbations.
